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We point out that the minimal seesaw model can provide a natural framework to accommodate
tiny neutrino masses, while its experimental testability and notable predictiveness are still main-
tained. This possibility is based on the observation that two heavy right-handed Majorana neutrinos
in the minimal seesaw model may naturally emerge as a pseudo-Dirac fermion. In a specific scenario,
we show that the tri-bimaximal neutrino mixing can be produced, and only the inverted neutrino
mass hierarchy is allowed. The low-energy phenomena, including non-unitarity effects in neutrino
oscillations, neutrinoless double-beta decays and rare lepton-flavor-violating decays of charged lep-
tons ℓα → ℓβγ, have been explored. The collider signatures of the heavy singlet neutrino are also
briefly discussed.
PACS numbers: 11.30.Fs, 12.15.Ff, 14.60.St, 14.60.Pq
I. INTRODUCTION
Recently, a lot of attention has been focused on the
experimental testability of seesaw models for neutrino
masses at the CERN Large Hadron Collider (LHC). In
the typical extension of the standard model (SM), three
right-handed neutrinos are introduced and assigned large
Majorana masses [1, 2, 3, 4]. In this case, the SM
neutrinos acquire tiny Majorana masses via the type-
I seesaw mechanism, i.e. the effective mass matrix of
light neutrinos is given by Mν ≈ −MDM−1R MTD . Here
the Dirac mass is naturally around the electroweak scale
MD ∼ ΛEW ≡ 100 GeV and the heavy Majorana neu-
trino masses are extremely large MR ∼ 1010···14 GeV.
However, this type-I seesaw model suffers from the lack of
testability, because right-handed neutrinos are too heavy
to be produced in current collider experiments.
In order for the type-I seesaw model to be testable,
we have to implement the structural cancellation condi-
tion MDM
−1
R M
T
D ≈ 0, which can lead to sub-eV neu-
trino masses but keep heavy Majorana neutrino masses
as low as several hundred GeV [5, 6]. However, the fine-
tunings of the structures of MD and MR are unavoid-
able, which seems unnatural. It has been pointed out
that the heavy pseudo-Dirac neutrinos may account for
tiny neutrino masses, such as in the so-called inverse see-
saw models, which can be tested in collider experiments,
and are free of the fine-tuning problem [7]. Neverthe-
less, more singlet fermions should be added in order to
form pseudo-Dirac fermions together with singlet right-
handed neutrinos. For instance, in the minimal version of
inverse seesaw model, we must have four singlet fermions
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to guarantee two massive light neutrinos [8]. Even more
singlet fermions are required in the realization of multiple
seesaw mechanisms [9], which are the direct generations
of the type-I and the inverse seesaw models.
We propose that the minimal type-I seesaw model
(MSM) with only two right-handed neutrinos may be
the most natural candidate for realistic and testable neu-
trino mass models at the TeV scale. The reason is simply
that these two right-handed neutrinos themselves can be
combined together to make a Dirac fermion in the U(1)
symmetry limit. They may also be embedded into a two-
dimensional representation of the discrete flavor symme-
try groups, such as the permutation group S4 [10, 11].
The soft symmetry-breaking terms then give rise to
tiny neutrino masses, while the heavy pseudo-Dirac neu-
trino provides us with rich low-energy phenomena, e.g.
the non-unitarity effects in neutrino oscillations and the
lepton-flavor-violating decays of charged leptons. Fur-
thermore, the tri-lepton signals pp → ℓ±α ℓ±β ℓ∓γ ν(ν¯) + jets
of the pseudo-Dirac neutrino can be discovered at the
LHC. Due to the minimal number of model parameters,
the observables at low energies and in the collider experi-
ments are intimately correlated with each other, and then
serve as a cross test of our minimal TeV seesaw model.
The remaining part of this work is organized as follows.
In Sec. II, we first present the structure of our model. The
neutrino mass spectra and neutrino mixing patterns are
discussed in detail in Sec. III. The implications for low-
energy phenomena and possible collider signatures are
addressed in Sec. IV. Finally, a brief summary is given
in Sec. V.
II. THE MODEL
In the minimal seesaw model [12, 13], we extend the
SM by introducing two heavy right-handed neutrinos,
2which are singlets under the SM gauge group. The La-
grangian relevant for neutrino masses is
− Lmass = νLMDnR +
1
2
ncRMRnR + h.c. , (1)
where νL = (νeL, νµL, ντL)
T and nR = (n1R, n2R)
T stand
for left- and right-handed neutrinos, respectively. To ef-
fectively suppress the light neutrino masses while keeping
heavy ones around the TeV scale, we additionally impose
a global U(1) symmetry on the generic Lagrangian, under
which the charges of the SM lepton doublets are opposite
to n2R but equal to n1R. With the help of such a lepton-
number-like symmetry, the mass matrices MD and MR
in Eq. (1) take very simple forms
MD = v
(
ye yµ yτ
0 0 0
)T
, MR =
(
0 M
M 0
)
(2)
with v ≃ 174 GeV being the vacuum expectation value
of the Higgs field. In the flavor basis (νL, n
c
R), the overall
5× 5 neutrino mass matrix reads
Mν =
(
0 MD
MTD MR
)
. (3)
Note that the rank of Mν is two, so three light neu-
trinos are massless and two heavy Majorana neutrinos
are degenerate in mass, as a consequence of the addi-
tional global symmetry. This can be easily verified by
noting that the mass matrices in Eq. (2) satisfy the rela-
tion MDM
−1
R M
T
D = 0, which implies that light neutrino
masses are vanishing to all orders. Therefore, the masses
of heavy right-handed neutrinos have nothing to do with
light neutrinos and can be located at a relatively low
scale, e.g., around the TeV scale. On the other hand, the
symmetric matrixMR can be diagonalized via an orthog-
onal transformation V TR MRVR = Diag{−M,M} with
VR =
1√
2
(
1 1
−1 1
)
. (4)
Thus the mass eigenstates of heavy right-handed neu-
trinos P1 and P2 possess identical masses but opposite
CP parities, and they constitute a four-component Dirac
particle P = (P1 + P2)/
√
2 with mass being M [14].
In order to accommodate light neutrino masses, one
can add small perturbations to Mν , which softly break
the global U(1) symmetry. There are in principle four
classes of soft-breaking perturbations to Mν , and the
most general form of the perturbed neutrino mass matrix
is given by
Mν =

κee κeµ κeτ vye εe
κµe κµµ κµτ vyµ εµ
κτe κτµ κττ vyτ ετ
vye vyµ vyτ µ
′ M
εe εµ ετ M µ
 . (5)
All the above perturbation terms καβ, εα, µ
′ and µ (for
α, β = e, µ, τ) break the lepton number conservation, and
hence bring in neutrino masses proportional to the cor-
responding couplings. Some comments on the possible
origins of these perturbations are in order:
(i) The κ term corresponds to a purely Majorana mass
term of light neutrinos, which can be realized in a more
complicated theory with additional contributions to neu-
trino masses. A typical example is the type-(I+II) see-
saw model [15, 16, 17], where an SU(2) triplet Higgs
with mass much larger than the electroweak scale is in-
volved. At lower-energy scales, the decoupling of the
triplet Higgs will result in light neutrino masses together
with non-standard interactions through the tree-level ex-
change of the neutral scalar [18]. Another possibility is to
incorporate extra SM singlet or triplet fermions, which
give birth to a neutrino mass operator similar to that
in the type-I or type-III seesaw models [19]. Although
feasible, the above mechanisms are always pestered with
too many parameters, which render the models neither
predictive nor economical.
(ii) The µ term in Eq. (5) is a bare Majorana mass
insertion violating the lepton number by two units, which
is also realized in the inverse seesaw framework [7, 20].
In the presence of the µ term, the light neutrino mass
matrix can be obtained from the inverse seesaw formula
Mν ≃
µ
M2
MDM
T
D . (6)
Hence the smallness of neutrino masses is attributed to
both the small µ parameter and the ratio MD/M . How-
ever, as pointed out in Ref. [8], at least two pairs of sin-
glet heavy neutrinos are required in order to enhance the
rank ofMν from two to four. One can also see this point
from Eq. (6) that the rank of Mν is exactly one, which
definitely comes into conflict with the observed two mass-
squared differences in neutrino oscillation experiments.
(iii) The µ′ term in Eq. (5) does not contribute to neu-
trino masses at the tree level. However, it may radiatively
generate neutrino masses via one-loop diagrams involving
right-handed neutrinos and gauge bosons [5]. In addition,
due to the corrections induced by the µ′ term, the masses
of P1 and P2 are not exactly equal, and thus the small
mass splitting between heavy neutrinos could naturally
make the resonant leptogenesis mechanism feasible [21].
In analogy with the µ-term corrections, the drawback is
that only one light neutrino may acquire mass, and hence
the µ′ term is not phenomenologically adequate.
(iv) The ε term softly violates the extra U(1) symme-
try but enhances the rank ofMν from two to four, which
is required by the neutrino oscillations. Such a coupling
could be easily realized in grand unified theories, e.g. in
the supersymmetric SO(10) model with a very low B−L
scale [22]. As we will show later in this case, neutrino
masses are naturally tiny, since they are proportional to
ε, and are further suppressed by the mass ratio MD/M .
In the following, we will only concentrate on this par-
ticularly interesting pattern of neutrino mass generation,
and figure out the phenomenological consequences in de-
tail. The overall neutrino matrix can be obtained from
Eq. (5) by setting all κ, µ and µ′ to zero.
3Without loss of generality, one can always redefine the
lepton fields so as to remove the corresponding phases
of yα and M , leaving only εα complex. Therefore, we
shall assume yα and M to be real throughout the follow-
ing discussions. The total neutrino matrix Mν can be
diagonalized by the unitary transformation
V †MνV ∗ = M̂ν ≡ Diag{m1,m2,m3,−M,M} , (7)
where V is a 5×5 unitary matrix, and mi (for i = 1, 2, 3)
are masses of three light neutrinos. In the leading-order
approximaiton, the effective mass matrix of light neutri-
nos is given by the type-I seesaw formula
Mν ≃ −MDM−1MTD = −εFT − FεT , (8)
where ε = (εe, εµ, ετ )
T and F = ω(ye, yµ, yτ )
T with ω ≡
v/M . In general, Mν can be diagonalized by a 3 × 3
unitary matrix as U †MνU
∗ = M̂ν ≡ Diag{m1,m2,m3},
and U is usually parametrized in the standard form
U = PφR23(θ23)PδR13(θ13)P
−1
δ R12(θ12)PM , (9)
where Rij correspond to the elementary rotations in the
ij = 23, 13, and 12 planes, θij are the rotation angles,
while Pδ = Diag{1, 1, eiδ} and PM = Diag{1, eiρ, 1} con-
tain the Dirac and Majorana CP-violating phases, re-
spectively. Note that only one Majorana phase is needed
to parametrize U since one light neutrino is massless,
which is the salient feature of MSM. The phases in
Pφ = Diag(e
iφ1 , eiφ2 , eiφ3) are usually rotated away in
the SM context but must be kept in the current model.
It should be noticed that U is not exactly the matrix
governing neutrino oscillations, even if we choose a ba-
sis where the charged-lepton mass matrix is diagonal. To
clarify this point, we turn back to the 5×5 unitary matrix
V in Eq. (7), which can be rewritten in a block form
V =
(
N3×3 R3×2
S2×3 T2×2
)
. (10)
The approximate expression of each block can be found
in Ref. [23], and the relevant ones are
N ≃
(
1− 1
2
FF †
)
U , R ≃ QVR , (11)
with Q ≡ (0, F ) being a 3 × 2 matrix. The flavor eigen-
states of neutrinos are then the superpositions of light
neutrino mass eigenstates νmL = (ν1L, ν2L, ν3L) and the
heavy one P . More specifically, the flavor eigenstates of
light neutrinos can be expressed as νL ≃ NνmL + FP c,
which indicates that P c mixes with left-handed neutri-
nos and enters into the weak interactions after the elec-
troweak symmetry breaking. Therefore, the leptonic
charged-current interactions in the mass basis read
LCC = − g√
2
ℓLγ
µ (NνmL + FP
c)W−µ + h.c. . (12)
It is obvious that the neutrino mixing matrix N ap-
pearing in the charged current is non-unitary. As we
shall show, the mixing between light and heavy neutrinos
will bring in several significant phenomenological conse-
quences, in particular, when the scale of the heavy neu-
trino masses is accessible to future colliders.
III. NEUTRINO MASSES AND MIXING
First, we should consider the neutrino mass spectra
and flavor mixing matrix. It is straightforward to obtain
the light neutrino mass matrix from Eq. (8)
Mν = ω
 2εeye εeyµ + εµye εeyτ + ετyeεeyµ + εµye 2εµyµ εµyτ + ετyµ
εeyτ + ετye εµyτ + ετyµ 2ετyτ
 , (13)
where the irrelevant minus sign has been omitted. Since
the experimental data on neutrino oscillations suggest
the tri-bimaximal mixing pattern [24, 25], a µ-τ symme-
try is particularly favorable in constructing the neutrino
mass matrix. To this end, we assume here that the rela-
tions εµ = ετ and yµ = yτ hold. Defining A = 2ωεeye,
B = ω(εeyµ + εµye) and C = 2ωεµyµ, one can rewrite
Eq. (13) as follows
Mν =
A B BB C C
B C C
 , (14)
which can be further put into a 2 × 2 block form by a
maximal rotation
M ′ν = R23(
π
4
)MνR
T
23(
π
4
) =
 A √2B 0√2B 2C 0
0 0 0
 . (15)
We have found that only the inverted mass hierarchy
m2 > m1 > m3 = 0 is compatible with a maxi-
mal mixing pattern in the 2 ↔ 3 sector. The left-up
block matrix in Eq. (15), denoted as M˜ ′ν , is a general
2 × 2 symmetric matrix, which can be diagonalized as
U †0M˜
′
νU
∗
0 = Diag{m1,m2} with
U0 =
(
cθ sθe
−iφ
−sθeiφ cθ
)(
eiψ1 0
0 eiψ2
)
. (16)
Here cθ ≡ cos θ and sθ ≡ sin θ have been defined. After a
lengthy but straightforward calculation, one can obtain
tanφ =
X
Y
, tan 2θ =
√
2(X2 + Y 2)
|A|2 − 4|C|2 , (17)
where
X = Im(B)Re(A− 2C)− Re(B)Im(A− 2C) ,
Y = Im(B)Im(A+ 2C) + Re(B)Re(A+ 2C) , (18)
4together with the mixing angles θ13 = 0 and θ23 = 45
◦ de-
fined in Eq. (9). The non-vanishing neutrino mass eigen-
values are given by
m1 =
∣∣∣Ac2θ −√2Bs2θe−iφ + 2Cs2θe−2iφ∣∣∣ ,
m2 =
∣∣∣As2θ +√2Bs2θe−iφ + 2Cc2θe−2iφ∣∣∣ . (19)
In addition, the phase difference ∆ψ ≡ ψ2 − ψ1 reads
∆ψ =
1
2
arg
(
As2θ +
√
2Bs2θe
−iφ + 2Cc2θe
−2iφ
Ac2θ −
√
2Bs2θe
−iφ + 2Cs2θe
−2iφ
)
. (20)
In comparison with the standard parametrization in
Eq. (9), we can observe that ρ = ∆ψ−φ is just the phys-
ical Majorana phase. Once the identity
√
X2 + Y 2 =
2(|A|2− 4|C|2) is fulfilled, the tri-bimaximal mixing pat-
tern with θ12 = θ ≈ 35.3◦, θ23 = 45◦ and θ13 = 0 is
reproduced in the leading order. The vanishing θ13 can
be regarded as a consequence of the exact µ ↔ τ sym-
metry. If we relax this assumption, i.e. εµ 6= ετ and
(or) yµ 6= yτ , both non-vanishing mixing angle θ13 and
CP-violating phase δ can be accommodated.
As we discussed above, one peculiar feature in our
model is that the mixing matrix of light neutrinos N is
no longer unitary. Adopting the parametrization of non-
unitary leptonic mixing matrix N = (1−η)U in Ref. [26],
we can see from Eq. (11) that
η =
1
2
FF † =
ω2
2
 y2e yeyµ yeyτyeyµ y2µ yµyτ
yeyτ yµyτ y
2
τ
 . (21)
The µ ↔ τ symmetric feature of the effective neutrino
mass matrix Mν indicates ηeµ ∼ ηeτ . Since the most
stringent experimental constraints come from the lepton-
flavor-violating (LFV) decay µ → eγ, severe bounds on
ηeµ and ηeτ are expected.
It is worthwhile to note that the ratios εµ/εe and yµ/ye
are of great importance in our model. For a given mass
M (or equivalently ω ≡ v/M) and also the mass scale of
light neutrinos ωye|εe|, all the other observables are de-
termined by these ratios. One can always appropriately
rescale εα and yα to get the desired masses mi, keep-
ing the ratios εµ/εe and yµ/ye unchanged. Therefore,
we shall mainly concentrate on the relative ratios among
model parameters in the following discussions.
In FIG. 1, we show the allowed parameter space of the
model within 3σ C.L. In our numerical analysis, we take
M = 1 TeV for example, as well as the values of neutrino
masses and mixing angles from Ref. [27]. We also include
the experimental constraints on the non-unitary effects
coming from universality tests of weak interactions, rare
leptonic decays, invisible width of the Z-boson and neu-
trino oscillation data [28]. Technologically, we randomly
choose the values of (εe, εµ, ye, yµ) and their correspond-
ing phases, while the data sample reproducing all the
neutrino masses and mixing angles within 3σ confidence
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FIG. 1: The parameter space of the neutrino mixing angle
θ12, the Majorana phase ρ, and the ratios (εµ/εe, ηµτ/ηeµ).
ranges will be kept. The absolute scales of εα and yα
(for α = e, µ) are also checked to be consistent with the
experimental bounds on η. Some comments are in order:
• From the uppermost plot, one can see that the ratio
|ηµτ/ηeµ| = |yµ/ye| is strictly constrained by θ12 at
large values, and the maximal value of the ratio is
close to 5. In this case, the current bound |ηeµ| <
6× 10−5 suggests a rather stringent bound |ηµτ | .
53 × 10−4. However, as pointed out in Ref. [28], in
the case with M < ΛEW but above a few GeV,
the severe constraints from Z andW decays do not
apply since the unitarity is restored. In this special
case the upper bound |ηeµ| < 9 × 10−4 indicates
that there is no general constraint on |ηµτ |.
• The correlation between |εµ/εe| and |ηµτ/ηeµ| is
illustrated in the middle plot. The approximate re-
lation |εµ/εe|×|ηeµ/ηµτ | ≈ 0.5 reflects the fact that
|A| and 2|C| in Eq. (15) are comparable in magni-
tude to ensure the experimental result m1 ≃ m2.
To generate a large but non-maximal mixing angle
θ12, the relation |B| ≪ |A| must hold, which is only
possible if the relative phase between A and C (or
equivalently εe and εµ) is around 180
◦. However,
the exact identity |A| = 2|C| is forbidden due to the
mixing angle θ in Eq. (17), which exhibits the strict
experimental constraints on model parameters.
• In the last plot, we show the allowed ranges of the
Majorana phase ρ versus the ratio |ηµτ/ηeµ|. As we
have discussed, the requirement A ≃ −2C also sets
a strong constraint on the relative phase between
εe and εµ. For a sizable ηµτ , which is phenomeno-
logically interesting, ρ ∼ 90◦ can be read from the
plot. For intermediate values of ηµτ , we can see
that ρ deviates significantly from 90◦. In principle,
the whole range [0, 180◦] of ρ is allowed.
As a consequence of the minimal number of model pa-
rameters, the mixing angle θ12, the Majorana phase ρ
and the non-unitarity parameters |ηαβ | are now related
to one another. Furthermore, the introduction of non-
vanishing θ13 and CP-violating phase is straightforward
by relaxing the µ-τ symmetry.
IV. FURTHER DISCUSSIONS
Now we shall address the possibly intriguing low-
energy phenomena of our model, as well as the signals
of the heavy neutrinos at the LHC.
a. Rare LFV decays mediated by the heavy neutrino.
The heavy neutrinos entering into the charged-current
interaction will contribute to the LFV decays of charged
leptons. For instance, the decay channel ℓα → ℓβγ can
be mediated by heavy neutrinos [29]. In the standard
type-I seesaw scenario or MSM, one has approximately
(MD/M)
2 = O(mM−1), and therefore BR (ℓα → ℓβγ) ∝
O(m2) indicates a strong suppression of LFV decay rates,
where m and M denote respectively the scales of light
and heavy neutrino masses. However, in our model, one
can have sizeable MD/M without facing the difficulty of
neutrino mass generation since they are suppressed by
the perturbations εα. Thus appreciable LFV rates could
be obtained even for strictly massless light neutrinos [30].
b. Neutrinoless double beta decays (0ν2β). The
light Majorana neutrinos contribute to 0ν2β decays,
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FIG. 2: The allowed region of the effective neutrino mass
〈m〉ββ versus the ratio |ηµτ/ηeµ|.
which serve as the unique tool to discriminate between
Majorana and Dirac nature of massive neutrinos. The
relevant quantity is the effective neutrino mass 〈m〉ββ ≡
|m1U2e1 + m2U2e2 + m3U2e3|, which in our model with
m3 = 0 can be evaluated as 〈m〉ββ = |m1U2e1 +m2U2e2|.
Because of m2 > m1 =
√
|∆m231| ≈ 0.05 eV, the two
terms in the 〈m〉ββ are comparable in magnitude. In
this case, the Majorana phase plays a key role in de-
termining 〈m〉ββ. For example, if ρ is far away from
90◦, the contributions from these two terms should be
added constructively, and one can then expect a large
value 〈m〉ββ ∼ 0.05 eV. In FIG. 2 we have shown the
allowed region of 〈m〉ββ . The result is in agreement with
that in FIG. 1. It is worth noting that heavy Majorana
neutrinos are nearly degenerate in mass, i.e. they form
a pseudo-Dirac neutrino, so their contributions to 〈m〉ββ
can be neglected. Interestingly, the next-generation 0ν2β
decay experiments are expected to probe 〈m〉ββ with the
accuracy of 10 − 50 meV, so our model can be tested
experimentally in the near future.
c. Search for the tri-lepton signals at the LHC. As
shown in Eq. (12), the heavy singlet P couples to the
gauge sector of the SM, and thus if kinematically acces-
sible, could be produced at hadron colliders. In the case
M > MH (whereMH denotes the Higgs mass), the heavy
neutrino can decay in the channels P → ℓ+ +W−, P →
ν¯ + Z, and P → ν¯ +H . Now that the heavy neutrinos
form a pseudo-Dirac particle, we shall focus our atten-
tion on the lepton-number-conserving processes induced
by it. For example, one very interesting and prospec-
tive channel is the production of three charged leptons
with missing energy [31], i.e. pp → ℓ±α ℓ±β ℓ∓γ ν(ν¯) + jets.
Another possible one is the pair production of charged
leptons in different flavors and without missing energy,
i.e. pp → ℓ±α ℓ∓β + jets. However, it is difficult to make
significant observation in this channel at the LHC due to
the large SM background [32].
6V. SUMMARY
In this work, we have considered a novel minimal see-
saw model, which is quite natural to bring down the
typical seesaw mechanism to the electroweak scale. Our
model is minimal among the fermionic seesaw scenarios in
the sense of particle content, since only two right-handed
neutrinos are introduced. However, quite different from
the traditional MSM, the heavy right-handed neutrinos
in the current consideration is located around the TeV
scale, and possess sizable Yukawa couplings, which make
them observable, in particular at the LHC. Furthermore,
light neutrino masses are protected by a global U(1) sym-
metry, and thus free from radiative instability. Since the
model contains only two heavy singlet neutrinos, it is very
predictive compared to the other seesaw mechanisms. We
have shown that, in the assumption of a µ↔ τ symmetry,
the tri-bimaximal pattern of lepton flavor mixing can be
reproduced and only the inverted neutrino mass hierar-
chy is allowed. The light neutrino masses, the Majorana
phase and non-unitarity parameters are connected in our
model, and their non-trivial correlations could be tested
through a combined analysis of the future long-baseline
neutrino oscillation experiments, the rare LFV decays,
the 0ν2β decays and the collider signals at the LHC.
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